Interactions of two D-branes and string−D-brane are examined through the loop-corrected effective potentials for the actions of D-brane and the fundamental string, which are put on the background of the other D-brane. A constant inner electro-magnetic field (f ) is presumed for the D-brane considered here. The quantum corrected potentials are obtained as functions of f , the R-R charge (Q) and the distance (r) from the D-brane. We find a non-trivial minimum in the potential at finite r for D5-brane and for the fundamental string on the background of Dp-brane with 3 ≤ p ≤ 8. The meaning of these results and the f -, Q-dependences of the potentials are addressed from the viewpoint of the force responsible to the D-brane.
Introduction
"electormagnetic" field (f ) in the brane. The perturbation in the world-volume actions on the brane background is performed around some non-zero radial coordinate r, which represents the distance between two branes, and the potential is obtained as a function of r, f and Q. This quantum corrected potential provides new insight into the interactions between two D-branes and string−D-brane, and it could give a prospect for the system of many branes. Another interest of this calculation is to know the availability of the perturbation performed for the world-volume action coupled to the D-brane background. Because of the special form of the D-brane background, the inverse power of r appears in the world-volume action. So the perturbative expansion would be justified only when the vacuum expectation value of r is obtained at r = 0 within the perturbative approximation being considered.
In the next section, we briefly review the D-brane configuration obtained from the supergravity. And in the section three, a brane configuration, which is related to the constant electro-magnetic field (f ) in the brane-action, is considered from the viewpoints of the boundary state formalism and the T-duality. The effective potentials for D-brane action are given for tree and loop-correction in sections four and five respectively. In section six, the potentials for the world-sheet action in the D-brane background are given for tree and loop-corrections. The summary and discussions are given in the final section.
D-brane configuration
Here we briefly review the D-brane configuration which is obtained by solving the supergravity effective action corresponding to an appropriate string theory. The bosonic part of the low energy effective action in d-dimensional target space can be written as
where H(= dB) is the field strength of the antisymmetric tensor B M N and F p+2 (= dA p+1 ) denotes the (p+2)-form field-strength of the (p+1)-form R-R potential A p+1 . The action S d is written in terms of the string-frame metric g M N . The dots represent the higher dimensional terms and other R-R charged fields, but their explicit form is not necessary here.
In solving the classical equations of S d with respect to g M N , Φ and A p+1 , several ansatzs are adopted. The d-dimensional coordinates x M are denoted by separating them into the tangential (x µ ) and the transverse part (y m ) to the D p -brane as x M = (x µ , y m ), where µ = 0 ∼ p and m = p + 1 ∼ d − 1. Then take the following ansatzs ds 2 = e 2A η µν dx µ dx ν + e 2B δ mn dy m dy n ,
2)
3)
where A, B, C and Φ are the functions of y only, here y = √ δ mn y m y n . The last statement means that the solutions are assumed to be invariant under P p+1 ⊗SO(d− p − 1) transformation. Further, the solutions are assumed to be supersymmetric. Then A, B, C and Φ are all expressed by a common one function, H(y), which is determined by the field equations given by S d . The final results are obtained as follows, e A(y) = H(y) log |y|d = 0 .
Here Ω q = 2π (q+1)/2 /Γ (q + 1)/2 denotes the area of a unit q-dimensional sphere S q . In this notation, the mass per unit p-volume, M p and the R-R charge, e p are given respectively by,
Here Q is introduced to measure the charge of D-brane in the unit of a single brane. The above formula (2.8) is well defined for p ≤ 6 since the asyptotic space transverse to the brane can be considered, but we must modify the formula to derive M p and e p for p ≥ 7. The details for these high-dimensional branes are seen in [17] . We notice here B M N = 0 since the D-brane considered above has one kind of the R-R charge and no NS-NS charge. We generalize this configuration a little to the case where B M N has its vacuum configuration as shown in the next section.
D-brane action and simple solution
The D-brane configuration given above can be obtained by solving the coupled equations of S d and the world volume action of Dp-brane, S p , which is given below. Namely, S p is added to S d as a source term of the brane. Many kinds of solutions of S d + S p are expected to be obtained depending on the configurations of the fields on the world volume, and the above D-brane solution corresponds to the simplest one of S p , i.e. y m =const.. We generalize the above configuration a little here. The world-volume action of a Dp-brane including the (p+1)-form potential A p+1 , which is carrying the R-R charge, can be written as follows,
where
is the field strength of U(1) gauge field living on the world volume of the brane. The antisymmetric tensor B µν , the metric G µν and the (p+1)-form A i 1 ······i p+1 are the pullback of the space-time fields of B M N , g M N and A M 1 ······M p+1 respectively,
The embedding of the world volume into the target space is described by X M (ξ µ ) as a function of the p + 1-dimensional world-volume coordinates ξ µ . The dots in eq.(3.1) denote other R-R charged fields, which would be needed to form a brane with many kinds of R-R charges, and the higher-order terms with respec to the string coupling. They are neglected here since we do not need them in the analysis considered hereafter.
Since it is difficult to solve the general form of equations of S d + S p , then we seek for a simple, but non-trivial solution according to the following process. (i) Firstly, we assume the following asymptotic form for the background configuration of the target space,
which should be realized far from the brane. Secondly, (ii) fix the gauge of the diffeomorphism invariance of S p by adopting the static gauge for which the world volume coordinates (ξ µ ) are equated with the p + 1 spacetime coordinates, i.e.
Then denoting the remaining coordinates as,
we obtain the following form of S p 8) where the constant prefactor is taken as one for the brevity. Several solutions including the electro-static BPS states are found from this action [5, 6] . However, we here consider the following simple solution, y m = const. , F µν = const., (3.9) because of the following two reasons. Firstly, we restrict the solution which we can easily perform the perturbation around. This solution is equivalent to consider a constant electromagnetic field in the brane, so it would be interesting to study the loop-correction of the potential in order to see the stability of the constant electro-magnetic field as in a usual gauge theory. 2 However, our main interest in this paper is rather to examine the r-dependence, where r 2 =< δ mn y m y n >, of the loop-corrected effective potential in order to see the force between branes. And the existence of the minimum of the potential at non-zero r could give a foundation for the perturbation of the world volume action in a situation considered here. Further, this quantity plays a special role in the field theory of the brane and in the ten dimensional string theory.
Secondly, we demand for the solution that the boundary state on the D-brane can be unambiguously defined in terms of the oscillators of the string, then we can apply the method of the boundary state [5] in obtaning the target-space configuration of the D-brane. The procedure is as follows. According to the notation of Ref. [14] , the boundary state for a D-brane located at y m =const.(= q m ) is written as,
where the δ-function is only over the d ⊥ = d − p − 1 directions transverse to the brane, and a n ( a n ) are the left (right) moving modes of the string coordinates. The matrix 3 S M N is dependent on F µν . For simplicity, F µν is taken as follows, 11) and others are zero, where f denotes a constant field-strength. In this case, S M N is written as
Then, we can estimate the emission-amplitude of the massless modes of closed string in terms of the above boundary state. It is obtained as follows 13) where the momentum k is assumed to be nonvanishing only in the transverse directions, and D a=1 (V p+1 ) denotes the propagator of the massless closed string mode (volume of Dp-brane). From this amplitude, the deviations of the massless fields, g M N , Φ and B M N , from their asymptotic form (3.5) can be projected out as follows,
where [14] . However, this method could not give us the full functional form of the D-brane background. In order to obtain it, we must return to solving the equations of motion given by the low-energy effective action of the string theory or of the supergravity.
Before going into the problem to obtain the full form of configuration, we comment on the R-R sector. The oscillators of fermionic coordinates are essential in constructing the boundary state of the R-R sector, and it is constructed by the product of Γ-matrices (Γ M ) of the target space. While the constant field f can be introduced by the rotation of the coordinate in the plane of X p−1 and X p by an angle φ 4 , which is related to f as − tan φ = f . Then the two Γ-matrices in the boundary state are rotated as follows
As a result, the resultant boundary state could provide the non-vanishing emissionamplitude for two kinds of potentials of R-R sector, (3.20) This indicates that the Dp-brane with a constant field f inside the brane contains two kinds of R-R chrges and can be regarded as a bound state of D p -brane and D p−2 -brane. Now, we turn to the problem of the full functional form of the D-brane configuration. In order to find the full form, which is consistent with the above asymptotic form, we must solve the low-energy effective theory of the supergravity. In place of doing so, we adopt the result of the delocalization method given in [20] for NS-NS part, where the constant field has been introduced as a result of the rotation of the p-th and (p-1)-th coordinates. And the background configuration is obtained after making the T-dual transformation for the delocalized p-th coordinate. When this procedure is applied to D p−1 -brane, the configuration corresponding to the bound states of D p−2 -brane and D p -brane is obtained. Here we denote the resultant form,
It is easy to see that the asymptotic form of these functions at large y coincides with the one obtained from the emission amplitude. It is seen that this solution is reduced to the D p -brane of one R-R charge in the limit of φ = 0. As for the R-R fields, their explicit forms obtained by the above procedure are also given in [20] , but they are not written here since we do not need them. On this point, we comment in the next section. Hereafter we consider the above configuration for NS-NS fields of nonzero φ except for the special cases, and we investigate the "classical" and quantum mechanical properties of the brane action S p under this background configuration.
RR-Fields and Tree Potential
Here, we study the problem within the one-loop approximation. The strategy is to consider the partition function for the action S p in order to see the free energy through the path-integral formalism,
In order to consider the quantum fluctuations in S p , we must take an appropriate point where the perturbation can be performed. For the perturbation in the D-brane background, it would be necessary to assume non-zero expectation value < y > for y = √ δ mn y m y n , since the negative powers of y are included in the action through H(y).
Before considering loop-corrections of this partition function, we comment on the "tree" potential, which is denoted by V 0 (y), of y. It can be obtained by substituting the brane-solution for B µν e.t.c. given in the previous section into S p . The explicit forms of the R-R fields are not given in the previous section for the case of non-zero f since we did not solve the full equations, which should be derived from
So we firstly consider the case of f = 0 for the Dp-brane, where the explicit form of the R-R field is given. And the formula (2.2) ∼ (2.7) represents the solution of the above combined action (4.2), where the dots parts in S d and S p can be neglected in solving the equations. Further, we consider the case where the D-brane considering is parallel to the brane which provides the background configuration. Then the following form of V 0 is obtained in the static gauge,
Here the r-dependent parts are cancelled between the first (the Born-Infeld term) and the second terms (WZ term) in S p (3.1) and V 0 becomes r-independent as a result. Further, we might take V 0 = 0 by subtracting a constant since the theory is supersymmetric and the vacuum energy should be zero. This is corresponding to define the Born-Infeld part by subtracting one from it. This cancellation of the ydependent parts means the well-known fact that there is no force between parallel D-branes. In this case, < y > can not be classically determined since the tree potential does not depend on y. In other words, we can choose any value of y at tree level. Then the justification of taking some non-zero < y > in the perturbation would be obtained through the quantum corrections. Namely, it depends on whether we can obtain a loop corrected effective potential, which has a minimum at some non-zero < y >, or we can not.
On the other hand, we have y-dependent potential when the two branes are set to be non-parallel. For example, consider the case where the p-th tangential coordinate x p and the first transverse coordinate y 1 of one brane are related by the coodinatesx p andỹ 1 of the second brane as,
In this case, the tree potential is obtained as,
where V 0 is set to be zero at θ = 0, which corresponds to the parallel case. Then the potential at large y is obtained as follows,
6) whereQ = 2κQT p /dΩd +1 . This implies an attractive force appears when two branes are put by an relative angle θ with respect to a tangential coordinate. This force is a remaining part of the gravitational attractive force which could not be cancelled by the R-R gauge field exchange. While it should be noticed that this force vanishes near y = 0 as,
This means that the branes could not feel any force when they are superposed with zero-distance, but a force is necessary when we try to pull the intersecting D-brane from another one. So < y >= 0 is expected at the tree level. However we need no force for the parallel brane to pull it out. Now we turn to the case of φ = 0. In this case, the explicit form of the solutions are obtained for R-R sector in [20] by using the delocalization and T-duality. But we use only the form of NS-NS part given by (3.21) and (3.22) since the consistency between the solutions of S eff and the one of [20] is not clear. To make clear this point, we may need an explicit form of dots part in S d . Instead of doing it, we suppose that the R-R sector in S p should be given such that we obtain the NS-NS sector represented by (3.21) and (3.22) as the solution of the equations derived from (4.2). These equations are presumed to be containing all the necessary R-R fields. From this requirement, we arrive at the reduced form of the unknown R-R sector in S p as follows.
Taking the static gauge as in the previous section, we obtain the equations of X µ (ξ) and A µ (ξ) from S p . Then we substitute the known part of the D-brane solution with φ = 0 into the equations. In this process, the terms coming from the Born-Infeld part, which represents the NS-NS sector, in (3.1) can be written explicitely. But the part for the R-R sector is remained as unkown. Then we demand that these equations should be satisfied with the above D-brane solution, which is explicitly written only for NS-NS part. This requirement can be represented by the equation of y m as follows,
where f R (y) denotes the term coming from R-R part in S p . From this equation, we get the following result,
where c R , which can not be determined here, is a function of φ but it does not depend on y m . Then we obtain the tree potential for the parallel branes as follows,
in the case of φ = 0. Further, if the supersymmetry was not broken for φ = 0 at tree level, c R (φ) should be zero. Then the tree potential, V 0 , for the parallel brane does not depend on y and it would be zero. So we can choose any value of < y > where we expand y in the perturbation of S p . In other words, the appropriate value of < y > should be determined by the quantum effect. Usually, it is difficult to change the classical properties by a small quantum effect in the perturbation theory, but the loopcorrection is important here even if the loop-correction is very small. Then we turn to the loop-corrected effective potential for the case of the parallel brane in the next section.
As a simple case where the tree potential is remaining, we consider here the world-sheet action of the string instead of the intersecting D-brane. And the force between the fundamental string and Dp-brane is examined in terms of the worldsheet action of the string. In this case, the tree potential is remaining since the fundamental string does not have the R-R charge and it feels only the gravitational attraction. The qualitative situation is similar to the case of the intersecting Dbranes.
Loop-Correction for Dp-brane Action
In this section we examine the effective action of D-brane which is parallel to the other one responsible for the background configuration. The potential is studied within the one-loop approximation by introducing the auxiliary field r through the next identity,
It should be noticed that we can neglect the factor y of the path-integral measure, [ydr] , in the dimensional reguralization scheme since it contribute to the delta-functional divergent term proportional to ln y. The same thing is said to the normalization-factors, which depend on r, of other field variables in the pathintegral. Then we have
Here the combination δ mn y m y n in S p has been replaced by r due to the identity. The gauge of the general coordinate transformation is fixed by the static gauge (3.6). In this gauge, it is not necessary to consider the fluctuation of X µ and the Faddeev-Popov ghost, which is absent [19] . For the U(1) gauge transformation, we take the covariant gauge for example,
where A q µ denotes the quantum fluctuation of A µ , which has a classical part giving the constant field strength f . The second term represents the FD-ghost term, which gives only the trivial factor to the effective potential, so it can be neglected hereafter. In these gauge condition and the classical configuration given in the previous section, we obtain the following relation, 
whereΦ is given in (3.22) and the inverse ofĜ µν is denoted byĜ −1 µν . The R-R sector of S p depends only on r through the function H(r) in the static gauge, and it contributes to the tree potential V 0 (r) only. So we neglect it in the calculations of the loop-corrections. Further, the gauge-field sector can also be neglected in the sense that it does provide only a trivial loop-correction being independent on r. The linear term of A q µ in (5.7) is neglected since it is a total divergence, and the quadratic parts are written as
where A q µ in (5.7) is normalized by the prefactor e −Φ −det(Ĝ) and the subscript q is abbreviated for the sake of the brevity. We can see that this kinetic term is transverse since ∂ µ D µν = 0, so we can separate the total kinetic term with the gauge fixing term into the transverse and longitudinal parts. Then we can integrate out them, but we obtain r-independent corrections since the normalization factor of the field can not contribute to the potential as stated above.
Here we comment on the special case of the supersymmetric version of S p , where the derivative of the coordinate fields X µ is replaced as
where θ denotes the fermionic coordinate. In this case, the right hand side of (5 .7) is modified by adding the next terms After all, the non-trivial contribution can be obtained from the loop of y m . From (5.3) and (5.7), the quadratic part of y m is obtained as
13)
whereG −1(µν) = H −1/2Ĝ−1(µν) and (µν) denotes the symmetric part of the corresponding matrix. Then one-loop correction is obtained according to the proper-time method as follows, Then the one-loop corrected potential is obtained as
17)
Although V 0 is expected to be zero, it is formally retained. But it does not play any role in our analysis. For even p, we can use this potential form since it is finite. However, for odd p, this potential diverges and we need a subtraction to obtain the finite potential, so we examine this potential by separating into two cases, (i) p=even and (ii) p=odd.
Even p
For even p, we can use (5.18) as a finite expression of the potential. Firstly, we fix the auxiliary field λ by its stable point, which is obtained from the following equation, ∂V (r, λ) ∂λ 19) and it is solved as
We notice here that v f should be positive to get a real λ 0 and this is realized for p = 4 and p = 8 in the case of d = 10. Although v f > 0 for p = 0, we do not consider this case since the dimension of its world volume is 1 + 0 so we can not apply the method of the field theoretical technique considered here. For p = 4 and 8, we can see from (5.20) that λ 0 increases monotonically with r. So, the r-dependent behavior of V can be seen through λ 0 instead of r. Then we write V (r, λ 0 ) as follows,
From this equation, we can see that the potential V monotonically decreases with increasing r, and there is no minimum point with respect to r. So the quantum correction appears as a repulsive force, then the parallel branes move apart from each other. For the case of the intersecting branes by an angle θ, an attractive force exists and it behaves as r 10/3 (r(cos θ − 1)) near r ∼ 0 for p = 4 (p = 8). On the other hand, the repusive one is proportinal to r 1.5 (r 18/7 ) for p = 4 (p = 8), so the attraction is dominant near r ∼ 0. The similar situation is seen in the interaction between the fundamental string and D-brane as shown in the below. So we might say that the branes for p = 4 and 8 can gather at the same place but they are not parallel each other.
For the case of v f < 0 (or for p = 2 and 6), the potential is complex if we substitute the λ 0 obtained above into (5.21), and this means that the system is unstable. The real potential is realized only at r = 0. If we consider this observation seriously, the only stable system of D-branes is realized at r = 0, then they are coincident branes at the same place.
Odd p
For odd p, (5.18) logarithmically diverges, so we subtract this divergence at the mass scale Λ with the condition, V 1 (r, λ =Λ 2 ) = 0, whereΛ is given below. After this subtraction, (5.17) is rewritten as follows,
As before, the stable point λ 0 of V (r, λ) is found from the formula (5.19) as follows, and we obtain the following simple form of potential,
is negative, it is seen that V (r) rapidly decreses with r and there is no minimum point at a finite r. So the force is repulsion. When the intersecting angle is considered between the two branes, an attractive force appears and it behaves as r 3 near r ∼ 0. While the loop-correction behaves as 1−a 0 r 2 , where a 0 (= −1/v
f ) is a positive constant. Then we can expect that the effective potential has a minimum at some small r(= r 0 ) and the bound state of two intersecting branes would exist. The distance r 0 would be proportional to the coupling constant κ/T p , then we can consider the case of very small r 0 . But they are not parallel.
For p = 3 and p = 7, λ 0 can be obtained from (5.25) as a function which monotonically increases with r. So it is convenient to express the potential in terms of λ 0 as,
As noticed above, the value of λ 0 is restricted to the region, λ 0 >Λ 2 , since v
f > 0, while r is allowed to take any value. In this region of λ 0 , V (r, λ 0 ) monotonically decreases with increasing r or λ 0 as in the case of p = 1, but the functional form and its sign are different from the case of p = 1. And there is no stable point at any r = 0. As a typical case, the potential for p = 3 is shown as a function of λ 0 in the Fig.1 . The restricted region of λ 0 is shown by the solid curve. The potential V (r, λ 0 ) starts from λ 0 =Λ 2 (or r = 0) and it decreases with r along the solid curve, so this represents also a repulsive force. If we consider the case of intersecting branes, an attractive tree potential appears and a possibility of finding a minimum of the potential can be expected. But the problem is rather complicated due to the logarithmic form of the potential, and it depends on many parameters and the subtraction conditions of the divergent potential. So we will discuss on this point in a separate paper. We are intersted in the state which is made of a large number of coincident D3-branes since it could form a stable configuration, AdS 5 ⊗ S 5 , for D3-Brane background configuration. However, we can not assure this point from the quantum corrected force between D3-branes for the parallel branes. 
Finally, we consider the case of p = 5, where we need a careful analysis since λ 0 is solved as a double valued function of r. So it is convenient to see the potential in the form of (5.28) as a function of λ 0 rather than r. Differently from the previous p = 3, 7 cases, we must see the formula (5.28) in the region 0 < λ 0 <Λ 2 , where the real λ 0 is obtained. The potential is shown in the Fig.1 . In this case, V (r, λ o ) has a minimum at λ 0 =Λ 2 e −3/8 contrary to the case of p = 3, and this minimum corresponds to the following point of r,
This implies that we can perform a perturbative calculation around r =< r > in the D5-brane world-volume action. The 5-brane action is defined in six simensions, so we must introduce a cut-off Λ in the perturbative calculation. Then the results obtained by the perturbation would be available only in the region where the mass scale is smaller than this cut-off. So we must check the availability of the above result (5.29), which is rewritten as
where c 1 = 3/8πe −3/8 ≃ 0.238 and g 2 = κ/T . Since g 2 represents the coupling constant of the theory on the brane and it should be small, then we can always take the value of < r > being smaller than Λ 2 . So the above result is meaningful within the one-loop approximation. Then many parallel D5-branes can gather with a small distance each other.
After all for parallel two D-branes, we find a non-zero minimum point < r > in the effective potential, V (r), only for p = 5 within the one-loop approximation. For other p's (p = 1, 3 and 7), the potential has no minimum and it shows a repulsive force. Then this force refuses to get many parallel D-branes at one place.
φ-dependence of V
The potential, which is obtained here for φ = 0, should be regarded as an effective potential of r and φ (or f ). Since the potential sould be real, φ is restricted to the region of cos φ > 0 from (5.17) and (5.22) . Then the behavior of the potential given above is not changed qualitatively by varying the value of φ in this allowd range. But it would be an intersting problem to seek a minimum point of V (r, φ) with respect to φ. This kind of analysis has been seen in non-Abelian gauge theory like QCD since its vacuum is expected to be the magnetic field condensed state. In our case, to see the φ-dependence of the potential is corresponding to see the stability of the bound state of two D-branes being separated by some distance.
It is possible to see the φ dependence of the loop-corrected potential for each p, but we should see it at the minimum point with respect to r if it exists. As shown above, such a minimum is seen only for p = 5 however. So we examine the potential of p = 5 at r =< r > which is given in (5.30), and it is obtained as follows,
where we used cos −2 φ = 1 + f 2 . Then V monotonically decreases with f if we set as V 0 (φ) = 0 as mentioned above, and it does not show any minimum. Then we can say that the attractive force between the two parallel D5-brane with f becomes strong for large f .
6
Fundamental String on D-brane Background
In this section, we consider the perturbative fluctuation of the fundamental string, which couples only to the NS-NS fields, in the D-brane background. The world-sheet action of the string is written here by the Nambu-Goto type as follows,
where the induced metric G µν and the antisymmetric tensor B µν are given by the same form of (3.3), and the D-brane configurations are given by (3.21) and (3.22). The partition function for this action is expressed by the technique used above and the same notations as follows,
For the sake of brevity, we consider the case of D-brane of p ≥ 2, or p ≥ 1 with φ = 0. And the string is parallel to one of the tangential coordinate of the D-brane. In these cases, the action can be expanded as On the other hand, (Ĝ st ) ij contains B (p−1)p for the case of φ = 0 since (i, j) run from 2 to p. Other assignment of (µ, ν) and (i, j) is of course possible, but it is not essential in our analysis. So we consider the above case.
Differently from the case of S p , the r-dependent tree potential remains in S st since the R-R sector does not exist in S st . And the tree potential is obtained as
The r dependence of this potential is determined by H(r), which is given in (2.6) and (2.7). For p ≤ 7, it monotonically increases from V 0 (r = 0) = 0 with r and approaches to a constant,
, at large r. On the other hand for p = 8, it increases from V 0 (r = 0) = T κ with r. These behaviors are determined by the value ofd, which is positive for p ≤ 6 and negative for p = 8. The case of p = 7 is special sincẽ d = 0, and the qualitative behavior of V 0 is belonging to the group of positived. These behaviors of V 0 for various p are shown in Fig.2 . In any case, the force between the string and the brane is attractive. This is the reflection of the gravitational attractive force which can not be cancelled out by the R-R gauge field exchange as in the case of the parallel two D-branes. This situation is similar to the case of two intersecting D-branes, where the balance of attractive and repulsive forces are broken.
Nextly, we consider the one-loop correction which can be obtained according to the procedure given in the previous section. As in the case of S p , the one-loop correction which gives non-trivial contribution is coming from y m -loop integration. Other fluctuations do not contribute to the r-dependent potential due to the same reason pointed out in the previous section. Repeating the method used in the previous section, the one-loop corrected potential can be obtained as follows,
where q = 1 and V st is divergent. Then this potential should be rewritten into a subtracted form by introducing the mass scale Λ st as a subtracting point. Then, the third term in (6.7), v st f λ p+1 2 , can be written as 
We notice the loop-correction, the second term in (6.10). Its exponent is approximated as r 2 /v st f ∼ −c 0 r (p−3)/2 near r ∼ 0 with a positive constant c 0 . Then the small-r behavior of the loop-correction changes at p = 3. For p < 3, it vanishes rapidly near r ∼ 0, and it also falls exponentially at large r, where we have r 2 /v st f ∼ −c 1 r 2 with some positive constant c 1 . In Fig.3 , the behavior of the loop correction for p = 2 is shown as a typical case for various values of Q. The feature stated above is seen and it has a maximum at small r. So the loop-correction is attractive near r ∼ 0 and it changes to the repulsive force in the region of large r. In general, the loop-correction becomes visible near r ∼ 0 since tree potential becomes small and vanishes at r = 0 exept for p = 8 case. However, the loop-correction is also small near r ∼ 0 for p < 3. Then in this case, the loop-correction can not give any essential effect on the potential near r ∼ 0. So the potential is dominated by the tree potential, and it has no minimum except for the one at r = 0. As a result, the strings are attracted by the D-brane and the quantum repulsion can not prevent it. This is shown in Fig.4 for p = 2. In these figures, the Q dependences are simultaneously shown since it plays an important role in determining the shape of the potential for p > 3 as seen below. On the other hand, the situation changes for p ≥ 3 since the loop-correction is finite and maximum at r = 0. And it rapidly decreases from r = 0 according to the damping behavior at large r, which is also seen in the case of p < 3. This behavior is shown in Fig.5 , where the typical case of p = 4 is given. Then for p ≥ 3, the quantum correction appears as the repulsion in all region of r as in the case of the interaction of the parallel two D-branes. The different situation is the existence of the tree potential as an attractive force. However the loop correction dominates over the tree potential near r = 0 even if how small it is since V 0 decreases to zero like r (7−p)/2 near r ∼ 0 for 3 ≤ p < 7. So we can expect the existence of an equilibrium point of two forces, namely the minimum of the potential.
In fact, we can find a minimum through the numerical analysis as shown in Fig.6 , where V st of p = 4 is shown for various charge, Q, of the brane. This result implies that strings are attracted by the branes, but they are not absorbed into the D-branes and they rather surround the branes. We notice two points here. Firstly, this behavior is found for small value of g, where the one-loop approximation is valid. Secondly, the minimum of V st becomes deep and clear with increasing Q. The second point indicates that this attractive force is the reflection of the gravitation since the mass of the brane is proportional to Q at least for p < 7.
Here we comment on the cases of p = 7, 8, the large dimensional branes, since a careful observation is necessary for these cases. The form of H(r) for p = 7 is very different from the other cases, and the value of r is bounded from above. But we can find a minimum at r = 0, and the Q-dependence of the potential is qualitatively similar to the cases of 3 ≤ p ≤ 6. The numerical resut is shwon in Fig.7 . When we apply our formula to the case of p = 8, H(r) is written as follows, H(r) = 1 − g 2 Qr , (6.11) so r is also bounded as r < 1/g 2 Q for obtaining real potential. In this case, we can also find a minimum in the loop-corrected potential, but it can be found for small Q and the minimum disappears for large Q. The examples are shown in the Fig.8 for Q = 1 , 2 and 3, where the parameters are taken as, g 2 = 0.5, Λ 2 = 1.0 for each value of Q. In summary of this section, V st has a minimum at small r for p ≥ 3, and it becomes clear for large Q exept for p = 8. In any case, we can say that it is possible to perform a perturbation on the world-sheet action in the background of Dp-branes for p ≥ 3.
Summary and Discussion
The interactions of parallel two D-branes and also of string-D-brane are examined through the quantum corrected effective potential of the world-volume actions which couple to the Dp-brane background. The configuration of the Dp-brane considered here is corresponding to the constant field (f ) solution of the gauge field in the world-volume action of the Dp-brane. For f = 0, this configuration is reduced to the usual Dp-brane background. Under this background configuration, the potentials are obtained within one loop approximation for various p as functions of f and r, the distance from the brane. Since the D-brane configurations are written by the harmonic function of the transverse coordinates with respect to the brane, we can not expand the theory around r = 0. Then to find a minimum of the potential at r = 0 is corresponding to obtain a consistent stable point where we can perform a perturbative calculation in the theory of the world-volume action of D-branes and of the world-sheet action of the fundamental string on the D-brane background.
For the case of parallel two branes, the potential is expressed by the loopcorrection only since there is no r-dependent tree potential because of the cancellation between BI-and WZ-actions. And we find that this loop-correction gives a repulsive force between the parallel D-branes in the most cases. Only for p = 5 D-brane action, we find a minimum of the potential at r = 0, which would be very small. This implies the existence of a point where we can perform a perturbative calculation in the D5-brane action on the background some other D5-brane. Further, the potential for D5-brane is estimated as a function of f at this minimum point of r , and we find that the attractive force becomes strong with increasing f .
The similar analysis is performed for the world-sheet action of the fundamental string, which is on the Dp-brane background. In this case, there is r-dependent tree potential in the world-sheet action since the string does not carry the R-R charge. All these tree potentials represent the attractive force. For p < 3, the loop-correction is also attractive near r = 0. Namely, it decreases to zero with decreasing r near r ∼ 0 where tree potential also vanishes but dominates the loop correction, and we can not find a minimum in this case. On the other hand, the loop-correction becomes maximum at r = 0 for Dp-brane background of p ≥ 3, then we find a minimum of the effective potential at < r > = 0. And this minimum becomes clear and deep when R-R charge of D-brane increases except for the case of p = 8. For p = 8, we find a minimum only for Q = 1. Then it is possible to study other quantum mechanical quantities on the world-sheet action like vortex and monopole [21] by a perturbation around < r > for the brane-background of p ≥ 3.
